We describe the Lie algebra deformations of D=4 Maxwell superalgebra that was recently introduced as the symmetry algebra of a kappa-symmetric massless superparticle in a supersymmetric constant electromagnetic background. Further we introduce the D=3 Maxwell superalgebra and present all its possible deformations. Finally the deformed superalgebras are used to derive via a contraction procedure the complete set of Casimir operators for D=4 and D=3 Maxwell superalgebras.
Introduction
The Poincarè algebra and Poincarè group describe the symmetries of empty Minkowski space-time. Filling such a flat space-time with some background fields leads to a modification of Poincarè symmetries. An example of such a modification is the so-called Maxwell symmetries, which was obtained already in the seventies [1] [2] by considering Minkowski space with an added constant electromagnetic (EM) background. The collection of arbitrary values of the constant EM field strengths provides additional degrees of freedom in Minkowski space, supplementing the Poincarè group with additional group parameters and the Poincarè algebra with new generators. The Maxwell algebra [2] - [13] , see also [15] - [16] for D=3, is obtained by adding to the Poincarè generators (P µ , M µν ) the tensorial central charges Z µν (Z µν = −Z νµ ) which modify the commutativity of the four-momenta P µ where the algebra H (= (P µ , Z µν )) can be obtained by suitable contraction α → 0 of the de Sitter algebra O(D, 1) = (M µν , P µ ), or anti-de Sitter O(D − 1, 2), with [10] M µν = 1 α 2 Z µν , P µ = 1 α P µ .
(1.5)
The Maxwell algebras and Maxwell symmetries were recently studied in three different directions:
1. The Maxwell algebra is an enlargement of Poincarè algebra, i.e. by putting Z µν = 0 one gets back to the Poincarè algebra. Analogously, one can consider the class of supersymmetrizations providing Maxwell superalgebra as the minimal enlargement of N=1 Poincarè superalgebra. Such supersymmetric extension of D=4 Maxwell algebra was obtained in [10] by adding minimal number of two four-dimensional Majorana supercharges Q α , Σ α and mathematically optional two scalar generators B 5 , B. The coset The superspace coordinates (x µ , θ α , φ) are supplemented in the framework of Maxwell supergeometry by graded additional coordinates (λ α , f µν , D) related to the generators (Σ α , Z µν , B).
2.
Following preliminary results obtained in [5] , all deformations of the Maxwell algebra in any dimension D=d+1 were studied recently in [8] . In arbitrary dimension D there is a "universal" k-deformation, resulting in the following deformed Maxwell algebras:
In D=3 the deformations are parametrized by two parameters (k, b), with an additional "exotic" b-deformation. The (k, b) plane can be divided into two domains where the two deformed Maxwell algebras described by (1.7) are realized. However on the curve separating these two domains the obtained algebra is isomorphic to O(2, 1) ⊕ ISO(2, 1) (D=3 Lorentz ⊕ D=3 Poincarè).
3. One can study further extensions of the Poincarè symmetries by adding new tensorial central generators [6] [7] to the first level extension described by the Maxwell algebra. For example, in D=4 the second level extension consists in adding the third rank tensorial charges Y µ [ρσ] , which can be related to a Minkowski space filled with arbitrary linear EM background (i.e.,
The first aim of this paper is to consider all possible deformations of the D=4 Maxwell superalgebra introduced in [10] . In D=4 one obtains two independent deformations:
• First, the supersymmetrization of the "universal" k-deformation given by (1.7). Because of the doubling of Majorana supercharges in the Maxwell superalgebra, the deformed superalgebras in D=4 require also eight real supercharges describing N=2 AdS and N=1 dS SUSY 1
where U U α (1, 1|1; H) is N=1, D=4 de-Sitter superalgebra [17] [18] [19] and will be explained in detail in Appendix B.
• Second, the s-deformation which does not have a non-SUSY counterpart. It involves only a modification of the algebraic relations for the scalar generator B 5 with the dilatation operator D given by the replacement B 5 → B 5 + s D. If we enlarge the Maxwell superalgebra by Weyl symmetry then the s-deformation is no longer an independent deformation 2 .
Second aim of the paper is to introduce the Maxwell superalgebra in D=3 and study its possible deformations. The additional s-deformation is not present in D=3. We find that 1 For the simplest N=1 supersymmetrization of D=4 de-Sitter algebra we need 8 supercharges (see Appendix B) 2 An analogous situation appears in the deformations of the symmetries of very special relativity [20] .
there is a two parameter deformation of D=3 Maxwell superalgebra as in the bosonic case considered in [8] . Depending on the values of the deformation parameters, we find three different deformed superalgebras:
The plan of the paper is the following: In section 2 we recall the results on D=4 Maxwell superalgebra [10] and introduce its one-dimensional Weyl extension by adding appropriate scale transformations 3 . It appears that the superMaxwell-invariant massless superparticle model, introduced in [10] , is also invariant under the Maxwell-Weyl supersymmetry. In section 3 we discuss two deformations of the D=4 Maxwell superalgebra. One (k-deformation) is described by the superalgebras (1.8) and (1.9) , and the other (sdeformation) can be introduced as a parameter-dependent class of subalgebras of the D=4 Maxwell-Weyl superalgebra. In section 4 we introduce the D=3 Maxwell superalgebra and obtain the supersymmetrization of the two-parameter family of deformations.
In [10] we have presented the bilinear Casimir operators of the D=4 Maxwell superalgebra, including the generalized mass-shell formula. In section 5, by contracting the known Casimir operators of (1.8) (k → 0) we obtain all six Casimirs of the D=4 Maxwell superalgebra. Subsequently, the Casimir operators for D=3 Maxwell superalgebra are also obtained via contraction. In section 6 we present conjectures about the existence of Maxwell superalgebras for D > 4 and its deformations, outline the relation with other proposals [21] [22] and conclude with some final remarks. We add also two appendices, one summarizing our conventions including gamma matrices, and a second describing quaternionic (super) groups and (super) algebras as well as the D=4, N=1 de-Sitter superalgebra U U α (1, 1|1; H) appearing in (1.9).
D=4 Maxwell superalgebra and its Weyl-enlargement
In a recent paper [10] we have proposed the following supersymmetric extension, denoted by G 5 , of the Maxwell algebra in 4 dimensions (our notations and conventions are summarized in Appendix A),
The bosonic generators (P µ , M µν , Z µν ), linked to translations, Lorentz rotations and additional tensorial coordinates, form the bosonic Maxwell subalgebra and the fermionic generators Q α , Σ α , (α = 1, 2, 3, 4) are two Majorana spinor charges. B is a central charge and B 5 generates chiral transformations. We point out that D=4 Maxwell superalgebra can also be considered as an enlargement by generators Z µν of the algebra with 8 supercharges introduced by Green [23] .
There are three subalgebras obtained by consistently removing generators B and/or B 5 from (2.1) (see [10] ).
1) The minimal supersymmetric extension G, with a bosonic sector consisting only of the Maxwell algebra generators, is obtained if we remove B and B 5 .
2) Removing only generator B 5 , we get a central extensionG of G. The generator B is required if we wish to introduce the scalar degree of freedom describing the off-shell extension of D=4 U (1) field strength supermultiplet.
3) One can consider a subalgebra with only the generator B 5 which acts on the supercharges Q α , Σ α as chiral generator. If B is present, B 5 is also required for the existence of the supersymmetric mass Casimir.
In this paper we shall consider the Maxwell superalgebra G 5 with both B and B 5 given in (2.1). We add that all cases describe the supersymmetric extension of the Maxwell algebra with minimal number of supercharges (eight real or four complex) and all these supersymmetrizations describe N=1 Maxwell superalgebra 4 . We note that four additional supercharges Σ α are present due to the supersymmetrization of the constant electromagnetic background (1.6).
The superalgebra G 5 describes the symmetries of the massless kappa invariant superparticle action in an external constant N=1 susy invariant background presented in [10] 
where
are the pullbacks on the world line of the components of the MC forms Ω = −ig −1 dg defined on the supercoset
We observe that one can assign mass dimensions to the generators of the superalgebra (2.1) as follows
which can be described by introducing a dilatation generator D satisfying the relations:
The supercoset coordinates in (2.3) transform under the scale transformations, generated by D, with opposite mass dimensionalities:
Adding relations (2.5) to (2.1) one obtains the Maxwell-Weyl superalgebra, which is a one-dimensional enlargement of Maxwell superalgebra described by the semidirect sum D+ ⊃G 5 . We note that the massless superparticle action (2.2) remains invariant under the scale transformation with the einbein, transforming as e ′ = λ −2 e, consistent with its role as a coordinate for D in the coset D+ ⊃G 5 /(Lorentz ⊗ B 5 ).
Deformations of Maxwell superalgebra in D=4
The Maxwell superalgebra (2.1) is equivalently described in terms of the Maurer Cartan one form
satisfying the Maurer Cartan equation dΩ + iΩ ∧ Ω = 0, as
These MC equations provide a dual formulation of the Maxwell superalgebra (2.1) and closure of the system (3.2) under exterior differentiation is equivalent to the Jacobi identities of the algebra being satisfied. The deformations of the algebra can be studied using cohomological methods [24] , see also for example [20] . A non-trivial deformation is obtained if it is possible to add covariantly closed but not covariantly exact two forms to the right-hand-sides of the MC equations (3.2). Covariant exterior differentiation is defined here in terms of the connection 1-forms ω A B = C A BC L C , where C A BC are the structure constants and L C the MC 1-forms of the undeformed algebra. The Jacobi identities imply that the connection is flat:
A systematic examination 5 yields two possible non-trivial deformations in 4 dimensions, up to redefinitions using covariantly exact one forms. First one is the k-deformation, a supersymmetric extension of the k-deformation of the bosonic Maxwell algebra in [8] ,
where k is the deformation parameter having the mass dimension [k] = 2. Note that in contrast to (3.2) we cannot have the closed algebra without L 5 (chiral symmetry) in the deformed algebra (3.3) . In other words we cannot contract out L 5 by L 5 → a L 5 and a → 0 in the last equation of (3.3). The closed MC equation (3.3) is written in the form of a superalgebra,
The second s-deformation is
where s is the dimensionless deformation parameter.
k-deformation
We describe the k-deformation of the Maxwell superalgebra in terms of known super algebras. We write 8) and rescale using
so that all one forms are dimensionless. Correspondingly the relations of the new generators to those of k-deformed Maxwell superalgebra are found by comparing (3.1) with
The MC equations (
and a superalgebra of (P, M,Q,Σ, B 5 ),
where upper signs correspond to k > 0 and lower ones to k < 0. Both cases (k > 0 and k < 0) will be discussed in detail below.
Anti-de Sitter case: k > 0
We shall show that the superalgebra of (P, M,Q,Σ, B 5 ) in (3.14) for k > 0 is isomorphic to OSp(2|4), which is N=2, D=4 anti-de-Sitter superalgebra with bosonic subalgebras O (2) and Sp(4) ∼ O(3, 2). The MC equation (3.14) for k > 0 is written in O(3, 2) covariant form as 
and the O(3, 2) gamma matrices Γμ given in appendix A. Recall that all gamma matrices are taken to be real in the Majorana representation. 
Thus the k-deformed Maxwell superalgebra for k > 0 is isomorphic to OSp(2|4)⊕ O(3, 1)⊕ U (1) with the generators related by (3.11) ,
The unconventional feature of the contraction (3.19) is exhibited in the formula for J µν in which the direct sum structure of two Lorentz subalgebras belonging to
is not respected. Such nonstandard contractions generating nontrivial cohomologies and semidirect sum of algebras were considered in D=3 (see [14] sect.8, [15] ).
de Sitter case: k < 0
The superalgebra of (P, M,Q,Σ, B 5 ) in (3.14) for k = − 1 R 2 < 0 case is, as we will see, the N=1 super dS algebra U U α (1, 1|1; H). In order to consider this case we introduce O(4, 1) metric and gamma matrices Γμ as (see appendix A)
In contrast to the AdS case these gamma matrices are not real but satisfy
Using them we can rewrite (3.14) in O(4, 1) covariant form,
The L iα 's are not Majorana spinors but are symplectic Majorana spinors satisfying the condition, see for example [26] ,
The symplectic Majorana spinors (3.23) transform as an O(2) doublet under rotation by
The dual superalgebra of the MC equation
Here Mμν and B 5 are real (Hermitian) while Q αi are complex and satisfy the symplectic SU(2) Majorana or quaternionic condition
The superalgebra (3.25) is N=1, D=4 de-Sitter superalgebra U U α (1, 1|1; H) discussed in [18] [19] and Appendix B. We can conclude that the k-deformed Maxwell superalgebra for k < 0 is isomorphic to U U α (1, 1|1; H)⊕O(3, 1) ⊕ U (1) with the generators related by
We add that the contractions of the deformed algebras OSp(2|4) ⊕ O(3, 1) ⊕ U (1) and U U α (1, 1|1; H)⊕O(3, 1) ⊕ U (1) are not unique but other contractions are possible to produce results different from the Maxwell superalgebra (2.1). For example, one could get N=2 Poincarè superalgebra⊕O(3, 1) ⊕ U (1) 2 .
s-deformation
From the MC equation (3.7) it follows that only the action of the B 5 generator is changed in comparison with the undeformed algebra (2.1). Denoting the s-deformed generator by B 
5 , M ρσ = 0,
The generator B
5 acts on all generators as a dilatation operator and produces as well the chiral rotations for the fermionic generators. Note also that the generator B, after the s-deformation, ceases to be central. From (2.1), (2.5) and (3.28) it follows that the deformed chiral generator B 
D=3 Maxwell superalgebra and its deformations

D=3 Maxwell superalgebra
The D=3 Majorana spinors are two-component, and O(2, 1) gamma matrices in Majorana representation can be expressed in terms of the Pauli matrices σ i as follows
Because the chiral product of the three matrices (4.1) is the identity matrix we cannot accommodate the generators B and B 5 in D=3 Maxwell superalgebra, which by analogy with the formulae (2.1) takes the following form
The Jacobi identities of this algebra hold using the identity (Cγ µ ) (αβ (Cγ µ ) γδ) = 0, for totally symmetric (αβγδ). We would like to mention that the D=3 Maxwell algebra was considered earlier under the name of extended Poincarè algebra [15] [16] . The D=3 Maxwell superalgebra (4.2) is given here for the first time.
Deformations of D=3 Maxwell superalgebra
In D=3 dimensions there are no B and B 5 generators and there is no s-deformation. On the other hand the presence of the totally antisymmetric tensor ǫ µνρ leads to a new deformation, as in the bosonic case (b-deformation in [8] ), in addition to the k-deformation (3.3): We will examine the symmetry structure of these deformations in the three cases, (1) k + -deformation for k > 0, (2) k − -deformation for k < 0 and (3) c-deformation.
k + -deformation
In the case k > 0, c = 0 the MC equation is written as
and L ± are two independent Majorana spinors. The dual algebra for the generators, defined by using the MC one form
Here, due to the relation
, we obtain the constraints M µ , Q ± α ) generates a pair of real superalgebras OSp ± (1|2). Then the k + -deformed super algebra is a direct sum:
k − -deformation
In the case k < 0, c = 0 the MC equation is written as
and
The dual algebra for the generators, defined by using the MC one form
Note there is a factor i in the {Q, Q} anticommutator because of the hermiticity require-
Because Q + α and Q − β are anticommuting 14) one obtains that α |Q ± α | 2 = 0 and representations at quantum level of the superalgebra (4.12) lead necessarily to indefinite metric and ghost states [19] [18] . The algebra is a direct sum of O(2,1) with generator J , OSp(1|2; C) with complex generators M + , Q + and OSp(1|2; C) with their conjugate generators M − , Q − . We obtain
(4.15)
c-deformation
The c-deformation is the case k = 0 given by
The dual algebra for the generators, defined by using the MC one form The c-deformation is the supersymmetrization of the degenerate case of the two parameter deformation of D=3 bosonic Maxwell algebra [8] .
Casimir Operators of the Maxwell superalgebras
In this section we discuss how the Casimir operators of Maxwell superalgebras can be obtained as contractions of their deformed counterparts and their subalgebras.
Casimir Operators of the Maxwell superalgebras in D=4
In four dimensions there are four Casimir operators in the bosonic Maxwell algebra [2] [5],
whereZ µν = 1 2 ǫ µνρσ Z ρσ . As shown in the subsection 3.1.1 the k-deformed Maxwell superalgebra for k > 0 is isomorphic to O(3, 1)⊕OSp(2|4) ⊕U (1); thus there are 6 = 2 + 3 + 1 Casimir operators. In the contracted algebra four of the Casimir operators are the supersymmetrized counterparts of (5.1) given in [10] . In addition there is one U (1) Casimir B and one related to the 6th order OSp(2|4) Casimir operator.
Casimir operators of O(N) algebras
For O(N ) (with indefinite metric η = ±1) with generators M AB = η AC M C B = −M BA , the n-th order traces
commute with every generator and are therefore Casimir operators for even n. (For odd n, C (n) = 0 identically.) There are [
] independent Casimir operators since the C (n) for n > N are expressed as polynomial functions of lower ones using the Cayley-Hamilton theorem.
For O(3, 1) there are two independent Casimir operators,
The independent Casimir operators of O(3, 1) are thus
OSp(2|4) Casimir operators
There are [ 
The 10 symmetric Sp(4) generators M αβ are expressed in terms of the 10 antisymmetric O(3,2) generators Mμν as
The OSp(2|4) algebra is expressed as
where (−) A = +1 for even (O(2)) indices A and (−) A = −1 for odd (Sp(4)) ones.
As in the O(N) case we construct the Casimir operators of OSp(2|4) using its supertraces
For odd n they vanish identically due to graded antisymmetry of M . There are thus three independent Casimir operators C (2) , C (4) , C (6) . Higher power Casimir operators are not independent but rational functions of these three as follows from the super CayleyHamilton theorem [28] . The explicit forms of these Casimir operators are
whereC 4 ,C 6 are defined by subtracting terms with higher power of B 5 and
These expressions are not unique due to the identity
which is proved using completeness of the O(3,2) gamma matrices.
Casimir operators of the Maxwell superalgebra by contraction
We have shown that the k-deformed Maxwell superalgebra for k > 0 is O(3, 1)⊕OSp(2|4)⊕ U (1) B and the Maxwell superalgebra is obtained by the contraction k → 0 (R → ∞ 
In the contraction the leading terms give the Casimir operators of the contracted algebra.
In this way we get three Casimir operators of Maxwell superalgebra as
18)
For the OSp(2|4) Casimir operator
The leading order term (C B ) 2 − 2(C 1 J ) is a function of the Casimir operators, which we have found above. In this case the independent Casimir appears as the next leading term [29] . If we consider the combination in which the leading k −2 terms cancel
we obtain the mass Casimir of the Maxwell superalgebra found in [10] . Note that subleading term (M Z) in (C 1 J ) also contributes to the C 2 term.
In the same way the leading k −4 terms inC 4 are cancelled by a combination of other Casimir operators
where (PZ) µ = P νZ νµ . Finally, the leading k −6 terms inC 6 are cancelled by the following combination of other Casimir operators
where (P ZZ) µ = P ν Z νρ Z ρµ . When all fermions vanish, C 6 becomes a function of lower order Casimir operators. This explains why C 6 does not appear in the bosonic Maxwell algebra.
In summary there are 6 Casimir operators in the Maxwell superalgebra,
Note that in the defining equations there appear products of generators, which are not (anti)commuting. A careful investigation shows that we obtain the Hermitian Casimir operators if we use the operator ordering presented above.
Casimir operators of D=3 Maxwell superalgebras
In three dimensions the Maxwell superalgebra is also obtained from the deformed algebras by contraction. Similarly as in four dimensions we obtain the Casimir operators from those of the deformed algebra by contraction. The k + -deformed algebra is the direct sum of O(2, 1) ⊕ OSp(1|2) ⊕ OSp(1|2) and its Casimir operators are
for the O(2, 1) and
from each of the OSp(1|2)'s. We recall that there is only one Casimir operator in OSp(1|2). The Casimir operators of Maxwell superalgebra in D=3 is obtained by contracting them. Using relation of generators dual to (4.5)
we get three Casimir operators of the Maxwell superalgebra in three dimensions,
28)
29)
Conclusions and Outlook
In this paper we presented all deformations of D=3 and D=4 Maxwell superalgebras. The operations of deformation and supersymmetrization of Maxwell algebra can be done in different order resulting in different superalgebras (see Fig.1 ). It is plausible to assume, by analogy with the N=1 case considered in this paper, that the N-extended Maxwell superalgebra can be obtained by suitable contraction of the OSp(2N |4) algebra 6 and it will have 8N real supercharges. We conjecture as well that the D-dimensional Maxwell superalgebra can be obtained by contraction of the Ddimensional AdS superalgebra, i.e., it exists in those dimensions (D=2,3,4,5,7) in which we can formulate AdS superalgebras 7 [30] . An interesting question is whether it is possible to construct Maxwell superalgebras with bosonic Maxwell subalgebra in other dimensions, e.g., in D=10 and D=11.
Our considerations above are only valid if we assume that the supersymmetrization of Maxwell algebra, which can be called minimal, satisfies the following two assumptions:
1. it is an enlargement of Poincarè superalgebra with the four-momenta present in the anticommutator of supercharges, 2. its bosonic sector is the direct sum of Maxwell algebra (1.1)-(1.3) and possibly some internal sector.
For if we allow generalized Maxwell superalgebras, for example, with the following basic SUSY relation {Q, Q} = bZ (see [5] ) that contradicts our first assumption, or with a bosonic sector that is a non-Abelian enlargement of Maxwell algebra, we open up a "Pandora's box" of possibilities. The simplest Abelian enlargement consists in adding to Maxwell algebra some central charges, like B and B 5 in D=4 (see section 2), but one can also enlarge Maxwell algebra into a semisimple group with additional bosonic generators. One category of such extensions is described by the Bergshoeff-Sezgin superalgebra [21] . If we consider D=10, 11, which play a crucial role in string/M theory, one can look for contractions of generalized D=10 and D=11 AdS algebra OSp(1|32), see for example [31] , and look for the corresponding generalized D=10 and D=11 Maxwell superalgebras.
Appendix A. Notations and conventions
Here we summarize our notations and conventions. We use a positive signature space-time metric η µν = diag(−, +, ..., +). Antisymmetrization is defined by
The conjugate for Majorana spinors L's are defined using charge conjugation matrix C as
In 4 dimensions we use the gamma matrices in the Majorana representation
They are all real and verify the Clifford algebra 
The charge conjugation matrix C and γ 5 are also real
and satisfy
The cyclic identities necessary for the closure of the superalgebras are The O(3, 2) generators Γμν are 13) and satisfy
It gives the real Majorana representation of the algebra (A.12) with the charge conjugation matrix
The O(4, 1) gamma matrices Γμ are The O(4, 1) generators Γμν are
Using the same charge conjugation matrix C = γ 0 = iΓ 0 Γ 4 , we find that the same relations (A.15) hold also for O(4, 1) gamma matrices. In contrast to the AdS case these gamma matrices are complex but satisfy
B. Quaternionic (super)groups and (super)algebras
B.1 Quaternionic algebras
Quaternions q, the elements of quaternionic space H n = (q 1 ...q n ), are written using
where the quaternionic units e r 's satisfy the multiplication rule e r e s = −δ rs + ǫ rst e t .
(B.2)
Quaternionic conjugate q of q is defined by q = q (0) − e r q (r) . Remember q − q = 0, → q (r) = 0, (r = 1, 2, 3), q + q = 0, → q (0) = 0 and it holds p q = q p.
B.2 Quaternionic groups and corresponding Lie algebras [32] [33]
i) The pseudounitary quaternionic (unitary) group U (n − k, k; H);
It consists of the generators of linear quaternionic n × n matrix transformations preserving the Hermitian scalar product
3)
The transformation of q and p is
where † is defined using quaternionic conjugation. Then the condition of invariance of the metric is
Number of independent conditions (in real components) following from (B.5) are 4
for off-diagonal and n for diagonal components, i.e., the number of independent real group parameters is 4n 2 − 4 n(n−1) 2 − n = n(2n + 1). For arbitrary n, k the norm (B.3) defines the pseudounitary quaternionic (unitary) group U (n − k, k; H).
ii) The antiunitary quaternionic group U α (n; H)
One can define as well in quaternionic space the antiunitary quaternionic group U α (n; H) as preserving the antihermitian quaternionic scalar product [33] [17]
(B.6) with
The components of the second column of q are determined from those of the first. Using the substitutions (B.11), (B.12), one can express the quaternionic scalar product (B.3) as pairs of complex numbers, namely 9 [32] [34]
Invariant transformations of the inner product are those of the 2n complex vectors that keep the two components of (B.14) invariant. It follows that in complex 2n dimensional space (z 1 A , z 2 A ) ∈ C 2n one can introduce a pair of complex scalar products; first describing U (2n − 2k, 2k; C) with diagonal pseudo-metricη = η AB 0 0 η AB and second with 2n × 2n antisymmetric metricÃ = 0 η AB −η AB 0 describing the group Sp(2n; C). One obtains in complex notation the following equivalence as follows
For the antihermitian quaternionic inner product (B.6) the complex components are written as
Here the symmetric 2n×2n matrixη = 0 A AB −A AB 0 has the signature (1, ..., 1, −1, ..., −1) and defines the complex group O(n, n; C) = O(2n; C) 10 and the antisymmetricÂ = A AB 0 0 A AB defines the antiunitary complex group Sp(2n; C) which is equivalent with U (n, n; C), [33] [35]. Then we obtain U α (n; H) = O(2n; C) ∩ U (n, n; C) = O * (2n).
(B.17)
B.3 Quaternionic supergroups and applications to space-time symmetries
There exists only one infinite series of norm-preserving supergroups U U α (n − k, k|m; H) which leave invariant the following graded metric in quaternionic superspace H n|m spanned by the graded quaternionic vectors (q 1 . . . q n ; θ 1 . . . α form the basis of a real 4m-dimensional Grassmann algebra. The bosonic sector of the supergroup U U α (n − k, k|m; H) is given by the product of quaternionic groups U (n − k, k; H) ⊗ U α (m; H).
The quaternionic graded scalar product (B.18) can be expressed equivalently by a pair of complex graded scalar products defining the pair of complex supergroups U (2n − 2k, 2k|m, m) and OSp(2m|2n; C). We have the following equivalence in quaternionic and complex notation [37] [34] U U α (n − k, k|m; H) = U (2n − 2k, 2k|m, m) ∩ OSp(2m|2n; C). The n-extended D=4 dS supergroup is [17] - [19] U U α (1, 1|n; H) = U (2, 2|n, n) ∩ OSp(2n|4; C) (B.22)
with internal symmetries U (n; H) = U Sp(2n), and the D=7 AdS supergroup, after using the relation U (n|m) = U (m|n) valid for graded unitary supergroups, takes the form [17] [35]
U α U (4|n; H) = U (4, 4|2n) ∩ OSp(2n|8; C).
(B.23)
The internal symmetries in D=7 are given by U α (n; H) = O * (2n).
B.4 D=4 dS superalgebra
The 11 In the third relation in (B.24) we have used the second of (B.10).
The supersymmetrization of space-time symmetries requires the knowledge of the fundamental spinor representation of the corresponding spinorial covering group. We shall assume that the (super)algebra is supersymmetrized by the introduction of supercharges, which transform under the transformations of space-time symmetry group as the fundamental spinor representation. 12 The spinorial coverings (B.25) are supersymmetrized as follows: The N=1, D=4 dS superalgebra U U α (1, 1|1; H) used in this paper can be translated into complex notation by using the relations (B.11), (B.12), but this is quite a tedious procedure (see for example the complex description of sl(2|N ; H) in [34] ). In this paper we obtained the N=1, D=4 dS superalgebra (see (3.25) ) by observing its correspondence with the well-known N=2, D=4 AdS superalgebra (see (3.18) ). Such a procedure follows from the property that OSp(2|4; R) as well as U U α (1, 1|1; H) are two different real forms of OSp(2|4; C) and consists of the following steps:
• The 8 complex charges do satisfy the quaternionic Majorana condition (3.26).
In conclusion, we would like to add that N=1, D=4 dS supergravity, as a gauge theory on U U α (1, 1|1; H), was constructed first in [38] . Unfortunately, it has been shown [19] [18] that such a theory necessarily contains ghost states.
